Abstract. In this paper we prove a version of Mordell's inequality for lattices in finite-dimensional complex or quaternionic Hermitian space that are modules over a maximal order in an imaginary quadratic number field or a totally definite rational quaternion algebra. This inequality implies that 16-dimensional Barnes-Wall lattice has optimal density among all 16-dimensional lattices with Hurwitz structures.
Introduction
Lattice sphere packings in n-dimensional Euclidean space are configurations of congruent spheres with disjoint interiors in which the sphere centers form a lattice. These geometric objects and more specifically their densities, i.e., the proportion of space covered by the spheres, have been an active area of research over the past several centuries. One particular problem in this research area that has received much attention is the n-dimensional lattice sphere packing problem. For this problem one must determine the optimal density of a lattice in n-dimensional Euclidean space, with the density of a lattice defined to be the density of the lattice sphere packing obtained by centering at each lattice point a sphere with radius equal to half the length of the shortest non-zero lattice vectors. Remarkably this problem remains open for all dimensions n > 8 with the exception of dimension 24; see [CS1] and [CK] for more details regarding the known optimal lattices in dimensions n ≤ 8 and dimension 24.
In most dimensions divisible by 2 or 4 at least one of the densest known lattices has an Eisenstein or a Hurwitz structure respectively; i.e., at least one of these lattices is isometric to a lattice in a complex or quaternionic Hermitian space that is a module over the Eisenstein integers E = Z[
] in the complex field C or the Hurwitz integers H = Z[i, j, ] in the quaternion skew-field H = {a + bi + cj + dk : a, b, c, d ∈ R, i 2 = j 2 = −1 and ij = −ji = k}, respectively. For example, the densest known lattices in every even dimension up to 24 all have an Eisenstein structure and the densest known lattices in dimensions 4, 8, 16 , and 24 all have a Hurwitz structure (note that the densest known 12-dimensional lattice does not have a Hurwitz structure). The existence of this extra algebraic structure among the densest known lattices makes it natural to consider the 2n-dimensional Eisenstein and 4n-dimensional Hurwitz lattice sphere packing problems, i.e., determine the optimal density of 2n and 4n-dimensional Eisenstein and Hurwitz lattices. Observe that even if the densest lattices in certain dimensions do not have an Eisenstein or a Hurwitz Structure, it would still be interesting Date: June 17, 2009. 1 to determine the optimal density of the lattices that do satisfy these additional algebraic constraints. In this paper we address the 2n and 4n-dimensional Eisenstein and Hurwitz lattice sphere packing problems simultaneously by considering Eisenstein and Hurwitz lattices in the more general context of O-lattices, i.e., lattices in finite-dimensional complex or quaternionic Hermitian space that are modules over a maximal Z-order O in an imaginary quadratic number field or a totally definite quaternion Q-algebra, respectively. In the next section we prove several propositions for O-lattices and their determinants, i.e., the squared volumes of their fundamental regions. These propositions are used in Section 3 to prove a Mordell inequality for O-lattices which relates the optimal value of the Hermite invariant of O-lattices in two consecutive complex or quaternionic dimensions; note that the Hermite invariant of an n-dimensional lattice Λ is directly proportional to the (n/2) th power of its density and is given by the formula
where N(Λ) denotes the norm of Λ (i.e., the norm of the shortest non-zero vectors in Λ) and det(Λ) denotes the determinant of Λ. Then in Section 4 we use the Eisenstein and Hurwitz versions of this Mordell inequality to obtain upper bounds for the Hermite invariants of Eisenstein and Hurwitz lattices in low dimensions and we show that the 16-dimensional Barnes-Wall lattice has optimal density as a 16-dimensional lattice with a Hurwitz structure.
O-Lattices in Complex and Quaternionic Hermitian space
The following notation is used throughout this paper.
• Let K denote either the complex field C or the quaternionic skew-field H and let r denote the rank of K as an R-algebra, i.e., r = 2 or r = 4. Then let x → x denote complex conjugation when K = C and quaternionic conjugation, i.e., a + bi
• When K = C let A denote an imaginary quadratic number field and when K = H let A denote a totally definite quaternion Q-algebra. In both cases we shall identify K with R ⊗ Q A.
• Let O denote the image in K of a maximal Z-order in the Q-algebra A;
i.e., O is a free Z-submodule and subring of A (where A is identified with its image in K) satisfying rank Z O = rank R K and QO = A. Then let
,j≤r where α 1 , . . . , α r denotes a Z-basis for O. Note that D O is independent of the Z-basis for O used to compute it and hence is an invariant of O.
• Finally let E rn denote a left n-dimensional K-vector space with a nondegenerate Hermitian product h : K × K → K (i.e., h is left linear in the first variable and right conjugate linear in the second variable) and define the inner product of each pair of vectors x, y ∈ E rn to be
so that N(x) = h(x, x) = x, x ; i.e., the distances defined on E rn by h(·, ·) and ·, · are the same 1 . Using this notation we define an rn-dimensional O-lattice to be a left O-invariant lattice in E rn , i.e., a lattice in E rn that is a left O-module. In this section we prove several propositions concerning an rn-dimensional O-lattice Λ and its O-dual
More specifically, we show that Λ # is also an rn-dimensional O-lattice and that the determinant of Λ # is inversely proportional to the determinant of Λ; note that the determinant of an O-lattice in E rn with Z-basis v 1 , . . . , v rn is equal to det (( v i , v j ) 1≤i,j≤rn ). To show this we consider the O P -lattice Λ P , i.e., the Z Pmodule obtained by localizing Λ at a prime ideal P in Z, because while an O-lattice Λ may not necessarily be a free left O-module (for example if
Proposition 2.1. For every prime ideal P in Z the ring O P is a principal left ideal domain. In particular, if Λ is an O-lattice in E rn then Λ P is a free left O P -module of rank n.
Proof. Let P be a prime ideal in Z. By Theorem 11.2 in [Re] the localized maximal Z-order O P is a maximal Z P -order in A; i.e., O P is both a free Z P -submodule and a subring of A satisfying rank ZP O P = rank R K and QO P = A. Then by Theorem 18.10 in [Re] every left ideal of O P is principal since Z P is a discrete valuation ring and from this it follows that O P is a principal left ideal domain (note that as a subring of K, O P is necessarily a domain).
We now show that Λ P is a free left O P -module by showing first that Λ P is a submodule of a free left O P -module (using the same technique used to prove Theorem 6.5 in [Hu, p. 221] ) and then applying Kaplansky's theorem, Theorem 2.24 in [La] . So let S = {v 1 , . . . , v s } denote a maximal (left) O P -linearly independent subset of B = {v 1 , . . . , v rn } where B is both a Z-basis for Λ and an R-basis for E rn . Then let F denote the free left O P -submodule of Λ P generated by the vectors in S. If S = B we can conclude Λ P = F and hence Λ P is a free left O P -module. Otherwise, if S = B then by the maximality of S, for every vector w ∈ B\S we can choose scalars α w,0 , α w,1 , . . . , α w,s ∈ O P such that α w,0 = 0 and
Observe that for each w ∈ B\S there exists a non-zero integer k w such that the real part of k w α w,0 is an integer, and since Z ⊆ O P , this implies that k w α w,0 ∈ O P . In particular, k w α w O P ⊆ O P and so we can assume without loss of generality that α w,0 ∈ R because Equation (2.1) still holds if both sides are multiplied on the left by k w α w,0 . (Note that we are making this assumption to avoid commutativity issues later in the proof.) Now let α = w∈B\S α w,0 , so that α ∈ R and αB ⊂ F . This last inclusion implies that Λ P is contained in the free left O P -module α −1 F ; i.e., Λ P is an O Psubmodule of a free left O P -module. Now since O P is a principal left ideal domain
in the definition of the inner product ·, · is inserted to simplify later calculations and can be omitted without affecting the density of a lattice in Ern. One of the reasons for omitting this factor would be to ensure that every lattice Λ having the property that h(x, y) ∈ O for every x, y ∈ Λ is necessarily integral, i.e., x, y ∈ Z for every x, y ∈ Λ. and Λ P is torsion-free as a left O P -module, Kaplansky's theorem implies that Λ P is a free left O P -module.
Finally, to show that Λ P has rank n as free left O P -module let x 1 , . . . , x m denote a left O P -basis for Λ P and let β 1 , . . . , β r denote a Z-basis for O. Using these two bases we can construct a Z P -basis for Λ P , namely the rm vectors in the set {β i x j : 1 ≤ i ≤ r, 1 ≤ j ≤ m}. Then since Λ P is a free Z P -module of rank rn from this we can conclude m = n.
From this point forward all O and O P -modules will be left modules and accordingly, all module bases will be left module bases.
Proof. Observe that Λ # is an O-module due to the left K-linearity of h(·, ·) and so we need to show Λ # is a lattice in E rn . To do this suppose first Λ is a free O-lattice in E rn generated by a K-vector space basis v 1 , . . . , v n and let v
and an R-basis for E rn . Hence Λ # is lattice in E rn and more specifically, Λ # is a free O-lattice.
Now consider the general case where Λ is not necessarily a free O-lattice. To prove that Λ # is a lattice in E rn we shall construct two free O-lattices
and Λ # 1 and Λ # 2 are both lattices in E rn . The latter sequence of inclusions implies Λ # is a lattice in E rn and hence an O-lattice in E rn due to its O-module structure.
To construct Λ 1 and Λ 2 we use the fact that a Z-basis of Λ, say B = {v 1 , . . . , v rn }, finitely generates Λ as an O-module and must contain a K-vector space basis, say B ′ = {v i1 , . . . , v in } for E rn . From this fact the construction of Λ 1 is simple; we just take Λ 1 to be the free O-lattice in E rn generated by B ′ . For the construction of Λ 2 let P be a prime ideal in Z and consider the O P -lattice Λ P , which has a a free O P -basis, say w 1 , . . . , w n , due to Proposition 2.1. As vectors in Λ P , each of the vectors v i in B can be expressed as
n j=1 β i,j then we can take Λ 2 to be the free O-lattice in E rn generated by the vectors {
Now that we have established that the O-dual of an rn-dimensional O-lattice Λ is also an O-lattice we can consider the relationship between the determinants of Λ and Λ # . We do this below by considering the localizations of Λ and Λ # at a prime ideal P in Z and the O P -dual lattice
and so we do not work directly with the determinants of Λ and Λ # , but rather with the discriminant ideals defined for these lattices and their localizations as Zmodules and Z P -modules respectively; the discriminant ideals d(Λ) and d(Λ P ) are (fractional) ideals in Z and Z P generated by the set
Note that since there exists a real vector space basis for E rn that is both a Zbasis for Λ and a Z P -basis for Λ P , using elementary properties of the determinant function for rn × rn matrices one can show
and hence d(Λ P ) = d(Λ) P ; see Exercise 4.13 in [Re] .
Proof. By Proposition 2.1, Λ P has a free O P -basis, say v 1 , . . . , v n . Observe that these vectors also form a K-vector space basis for E rn and so there exists a K-dual vector space basis v
#P satisfies the second identity given in Lemma 2.3 suppose first x ∈ (Λ P )
#P and let {v 1 , . . . , v rn } denote an R-basis for E rn that generates Λ as a free Z-module and hence generates Λ P as free Z P -module. For 1 ≤ i ≤ rn, each vector v i is an element of Λ P and so there exist α i ∈ O and
This implies that x ∈ Λ # P and so (Λ P )
and let y ∈ Λ P . We can write y = rn i=1 µ i v i and x = λw where v 1 , . . . , v rn is the basis chosen above, µ 1 , . . . , µ rn , λ ∈ Z P and w ∈ Λ # . Hence we can also write
with h(w, v i ) ∈ O for each i since w ∈ Λ # and v i ∈ Λ. From this we can conclude that h(x, y) ∈ O P ; i.e., x ∈ (Λ P ) #P and hence (Λ P )
Proof. From Proposition 2.2 we know that Λ # is an O-lattice in E rn and hence by the same proposition Λ ## is also an O-lattice in E rn . So as a Z-module we can express Λ ## as
with the intersection being over all prime ideals P in Z. Then applying Lemma 2.3 to the right side of the above expression we get
Lemma 2.5. If Λ is an O-lattice in E rn and P is a prime ideal in Z then the discriminant ideals of the O P -lattices Λ P and (Λ P ) #P satisfy
Proof. Let α 1 , . . . , α r be a Z-basis for O and let v 1 , . . . , v n be an O P -basis for Λ P so that the vectors {α i v j } 1≤i≤r,1≤j≤n form a Z P -basis for Λ P and the vectors {α i v # j } 1≤i≤r,1≤j≤n form a Z P -basis for (Λ P ) #P . Write these vectors using coordinates with respect to a fixed orthonormal basis for E rn (the basis being orthonormal with respect to the inner product ·, · ) and let M be an rn × rn matrix such that for 1 ≤ i ≤ r and 1 ≤ j ≤ n the (r(j − 1) + i) th row of M is the vector α i v j . Similarly let N be an rn × rn matrix such that for 1 ≤ i ≤ r and 1 ≤ j ≤ n the (r(j − 1) + i) th row of N is the vector α i v # j . Observe that the two matrices M and
We can compute the determinant of the matrix M N T using the fact that for 1 ≤ i 1 , i 2 ≤ r and 1 ≤ j 1 , j 2 ≤ n, the (r(
In particular, M N T is an rn × rn block-diagonal matrix with n blocks all equal the r × r matrix
D O , and we have shown
Proof. As Z-modules, the discriminant ideals
(Note that Lemma 2.3 is used above to rewrite d(Λ # ) P as d((Λ P ) #P ).) Then by Lemma 2.5 the last expression above is equal to P Z P D O 2n . Therefore,
and since both det(Λ) det(Λ # ) and D O 2n are positive real numbers they must be equal.
We conclude this section with another determinant identity for O-lattices that involves the intersection of an rn-dimensional O-lattice Λ with a K-vector subspace F of E rn and the projection of Λ onto F ⊥ , i.e., the K-vector subspace of E rn perpendicular to F with respect to ·, · (or equivalently h(·, ·) due to the relationship between ·, · and h(·, ·)). Note that below we refer to Λ ∩F as a relative lattice in F because it is a lattice in a K-vector subspace of F that may not be full-dimensional. Also, we regard both K-vector subspaces F and F ⊥ of E rn as K-Hermitian spaces (and hence call them K-Hermitian subspaces) because we can restrict the Hermitian product h(·, ·) to F × F and F ⊥ × F ⊥ , respectively.
Lemma 2.7. Let Λ be an rn-dimensional O-lattice and let F be a K-Hermitian subspace of E rn .
(
Proof. This lemma is proved as Proposition 1.2.9 in [Ma] for lattices in finitedimensional Euclidean space. Because Λ ∩ F and π F ⊥ (Λ) are both O-modules, the O-lattice version readily follows.
Moreover if these conditions hold and m = dim K F then
Proof. For every x ∈ F ⊥ and y ∈ Λ we can write h(x, y) = h(x, π F (y) + π F ⊥ (y)) = h(x, π F ⊥ (y)) and from this fact we can conclude that (π
(Note that for the backwards direction we are using the fact that π
By Lemma 2.7 (2) we have the identity
which by Proposition 2.6 can be rewritten as,
Mordell's Inequality for O-lattices
Using the notation introduced in the previous section, define the O-Hermite constant γ(O, rn) to be the supremum of the Hermite invariant
for an rn-dimensional O-lattice Λ. Observe that this constant is finite since the Hermite invariant of an rn-dimensional lattice is directly proportional to the rn 2 th power of its density, with the latter quantity bounded by 1. Moreover, by Mahler's compactness theorem (see [Ma, p. 43] ) there exists an rn-dimensional O-lattice Λ with det(Λ) = 1 such that γ(O, rn) = γ(Λ), i.e., Λ is an optimal rn-dimensional O-lattice (note that here we are using the fact that the set of rn-dimensional Olattices with determinant one is closed in the space of rn-dimensional lattices and γ(O, rn) is equal to the optimal value of norms of these lattices which must be bounded since γ(O, rn) is finite).
Below we use the results of Section 2 to prove an inequality relating the OHermite constants for dimensions r(n − 1) and rn, provided n ≥ 3. We choose to call this inequality a Mordell inequality for O-lattices due to its resemblance to the inequality γ n−1 ≤ γ (n−1)/(n−2) n in Mordell's theorem (see [Ma, p. 41] ). In Mordell's theorem the constant γ n denotes Hermite's constant for dimension n, i.e., the optimal value of the Hermite invariant of an n-dimensional lattice.
Theorem 3.1 (Mordell's Inequality for O-Lattices). For each integer n ≥ 3,
Equality holds if and only if the O-dual lattice of every optimal rn-dimensional Olattice Λ is also optimal and for all minimal vectors x ∈ Λ # the relative O-lattices Λ ∩ (Kx) ⊥ and Λ # ∩ Kx satisfy:
Proof. Let Λ be an optimal O-lattice in E rn with det(Λ) = 1, let x be a minimal vector in the O-dual lattice Λ # , and let F denote the (n − 1)-dimensional subspace (Kx) ⊥ . By Proposition 2.8 the relative
Then by the definition for the Hermite invariant of a lattice
We wish to bound the term det(Λ ∩ F ) in the last equality by an expression involving the Hermite invariant of the O-dual lattice Λ # . To do this we first use the determinant identity in Proposition 2.8 with the definition of the Hermite invariant to get
Then we let α 1 , . . . , α r denote a Z-basis for O so that
Observe that by Proposition 2.6 and the definition of γ(Λ # ), the term N(Λ # ) r in the last expression is equal to γ(
, with which the upper bound for det(Λ ∩ F ) computed above implies
Substituting the last upper bound for det(Λ ∩ F ) into the initial expression involving γ(Λ) we obtain
and from this we obtain our desired inequality
Observe that from the above proof of Inequality (3.1), equality holds if and only if all of the inequalities introduced in bounding γ(Λ) are tight, i.e., if and only if γ(Λ # ) = γ(O, rn) and (1), (2) and (3) hold for every minimal vector x ∈ Λ # (the proof above uses an arbitrary minimal vector x ∈ Λ # ). More generally, this last statement holds for any optimal lattice Λ that does not necessarily have determinant one since we can repeat the above proof using det(Λ) We choose to call the bound for γ(O, rn) given by Inequality (3.1) the Mordell bound for rn-dimensional O-lattices. In Corollary 3.2 below we give an iterated version of this bound which follows from a simple induction argument with Theorem 3.1 as the base case. 
, E is the ring of integers in Q( √ −3)) and we say a 2n-dimensional lattice has an Eisenstein structure if it is isometric to an Eisenstein lattice.
In this section we use the Mordell bounds for Eisenstein and Hurwitz lattices (Theorem 3.1) to obtain upper bounds for the Hermite invariants of low-dimensional lattices with an Eisenstein or Hurwitz structure. The upper bounds we obtain are compared in Tables 2 and 4 to the best upper bounds previously known and in several instances give an improvement. Note that for the dimensions in which the Eisenstein and Hurwitz-Hermite constants are not known, for comparison purposes we use the upper bounds for Hermite's constants in these dimensions proved by Henry Cohn and Noam Elkies in [CE] ; I am not aware of any better bounds computed specifically for lattices with an Eisenstein or a Hurwitz structure. 4.1. The Mordell Bound for Hurwitz Lattices. The densest known lattices with Hurwitz structures in dimensions 4n ≤ 28 are listed in Table 1 with their Hermite invariants 2 . The lattices listed in this table for dimensions 4, 8, 12, and 24-dimensional have all been proven optimal as lattices with a Hurwitz structure and with the exception of the dimension 12 this is corollary to their proven optimality as lattices; the 12-dimensional lattices listed in Table 1 have been proven optimal as lattices with Hurwitz structures by François Sigrist and David-Olivier JaquetChiffelle and a summary of their calculations is given in [Si] .
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In Table 2 we list the Mordell Bounds for Hurwitz lattices in dimensions 4n ≤ 28 alongside the best upper bound for γ(H, 4n) previously known. Note that each of the Mordell bounds listed have been computed iteratively; i.e., if the Mordell bound for 4(n − 1))-dimensional Hurwitz lattices is an improvement on the best known upper bound previously known for γ(H, 4(n − 1)) then it is used to compute the as a 12-dimensional section with identical norm.
Note that we have to be careful when translating the conditions in Theorem 3.1 to 4n-dimensional lattices with a Hurwitz structure because it may be possible for a 4n-dimensional lattice to have two or more inequivalent Hurwitz structures; that is, a lattice may be isometric to two different Hurwitz lattices such that there does not exist an isometry between them that is an H-module isomorphism. For example it is currently an open problem to determine if Λ 16 has two inequivalent Hurwitz structures (see [Ma, p. 279] ). With the Hurwitz structure presently known for Λ 16 , all of the 12-dimensional sections perpendicular to a minimal vector in Λ One final observation we wish to make concerning Table 2 is that the conjectured Mordell bound for 24-dimensional Hurwitz lattices is tight and from this we can use Theorem 3.1 to make conjectures about the conditions satisfied by certain 20-dimensional sections of the 24-dimensional Leech lattice as was done for the 16-dimensional Barnes-Wall lattice above. However unlike that latter case, the Leech lattice has been proven to have a unique Hurwitz structure by H.-G. Quebbemann (see [Qu] ).
4.2. The Mordell Bound for Eisenstein lattices. We now list in Table 3 the densest known lattices with Eisenstein structures in dimensions 2n ≤ 26 with their . All of the lattices in Table 3 are among the densest known lattices in their dimension; however, we note that this table is not a complete list of the densest known lattices for the dimensions shown because the density of the Conway-Borcherds lattice T 26 is equal to that of Λ 26 and the former lattice does not have an Eisenstein structure. The lattices listed for dimensions 2n ≤ 8 and for dimension 24 have all been proven optimal as ordinary lattices (and hence are optimal as lattices with an Eisenstein structure) and the lattice Λ 10 has recently been proven optimal as a lattice with an Eisenstein structure by Achill Schürmann; see [Sch] for details.
In Table 4 we list the Mordell bounds for Eisenstein lattices in dimensions 2n ≤ 26 next to the best upper bound previously known for γ(E, 2n). Note that the Mordell bounds listed in this table are computed iteratively as was done for the Hurwitz case. Included in Table 4 is a column listing the conjectured Mordell bound for Eisenstein lattices in the dimensions for which the optimal density of an Eisenstein lattice with one less complex dimension is not known. These conjectured bounds are computed using Inequality (3.1) in Theorem 3.1 with the Hermite invariants of the densest known 2(n − 1)-dimensional Eisenstein lattices replacing γ(E, 2(n − 1)).
The bold entries in Table 4 indicate an improvement (actual or conjectured) on the best known upper bound for γ(E, 2n). Specifically, we have improved on the best known upper bounds for the Hermite invariants of Eisenstein lattices in dimensions 12 and 14, with the Mordell bound computed for γ(E, 12) being much closer to the Hermite invariant of the Coxeter-Todd lattice K 12 than the upper bound from [CE] . Unfortunately with the improved bound for γ(E, 12) we are unable to conclude that the Coxeter Todd lattice K 12 is optimal as a 12-dimensional lattice with an Eisenstein structure, despite the fact that it is widely believed to be optimal as a 12-dimensional lattice. However, one could have anticipated that this bound would not be sharp because K 12 does not contain the lattice Λ 10 as a 10-dimensional section, but rather contains the lattice K 10 . For if the Mordell bound for γ(E, 12) were tight, then by Theorem 3.1 any optimal lattice would contain Λ 10 as a 10-dimensional section because Λ 10 is the unique optimal 10-dimensional lattice with an Eisenstein structure. Moving on to the conjectured Mordell bounds for Eisenstein lattices displayed in Table 4 , note that if one could prove Λ 14 is optimal as a 14-dimensional lattice with an Eisenstein structure then the Mordell bound for 16-dimensional Eisenstein lattices would imply the 16-dimensional Barnes-Wall lattice Λ 16 is optimal as a lattice with an Eisenstein structure. Moreover, due to the conjectured tightness of the Mordell bounds for 16 and 24-dimensional Eisenstein lattices, we can make conjectures about optimal 16 and 24-dimensional Eisenstein lattices as was done in the Hurwitz case above for these same dimensions.
Remarks and Open Problems
Even though the focus of this paper is on lattices with Eisenstein and Hurwitz structures, we wish to emphasize that Theorem 3.1 applies to other types of O-lattices. Other O-lattices one can consider include the 2n-dimensional Gaussian lattices (O = Z[i] ) and the 4n-dimensional J -lattices where J is the subring Z[1, i,
] in H corresponding to the unique maximal Z-order Z[1, i, Many of the densest known even-dimensional lattices have a Gaussian structure and the 4n-dimensional J -lattices are of interest because they include the CoxeterTodd lattice K 12 , the densest known 12-dimensional lattice, which curiously does not have the structure of a Hurwitz lattice; see [Gr] concerning the existence of a J -lattice structure on K 12 . Note that the J -Hermite constant for dimension 8 is equal to γ(E 8 ); unfortunately K 12 does not contain E 8 as an 8-dimensional section (see Proposition 8.7.9 in [Ma] ) and so we cannot use Theorem 3.1 to conclude that K 12 is optimal as a 12-dimensional J -lattice. It may be possible to use Theorem 3.1 to prove an r(n − 1)-dimensional lattice does not have a particular O-lattice structure. As pointed out to me by Jacques Martinet, if we know the value of γ(O, rn), but do not known the value of γ(O, r(n− 1)) then we can replace γ(O, r(n − 1)) in the inequality by the Hermite invariant of an r(n − 1)-dimensional lattice Λ and check if the inequality remains valid. If the inequality is no longer valid then this implies that Λ does not have an O-lattice structure. It would be interesting to find examples of lattices that can be proven not to have certain O-lattice structures using this method.
By Theorem 8.7.2 in [Ma] , the 8-dimensional lattice E 8 has an O-lattice structure over every maximal order O in an imaginary quadratic number field. Given that the Mordell inequality for Eisenstein and Gaussian lattices in dimension 8 is sharp (note that the densest 6-dimensional Gaussian lattice is D 6 ; see [Sch] ), it is natural to wonder if the Mordell inequality for all O-lattices in dimension 8 is sharp whenever O is a maximal order in an imaginary quadratic number field. Even if this is not true in general, it still would be interesting if one could characterize the maximal orders O for which this inequality is sharp.
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